In this work, we analyze hierarchic hp-finite element discretizations of the full, threedimensional plate problem. Based on two-scale asymptotic expansion of the three-dimensional solution, we give specific mesh design principles for the hp-FEM which allow to resolve the three-dimensional boundary layer profiles at robust, exponential rate. We prove that, as the plate half-thickness ε tends to zero, the hp-discretization is consistent with the three-dimensional solution to any power of ε in the energy norm for the degree p = O(|log ε|) and with O(p 4 ) degrees of freedom.
To achieve higher order asymptotic consistency in plate models, higher order kinematical hypotheses in the interior of the plate must thus be coupled with full resolution of the three-dimensional effects near the edge of the plate. This can be done by hp-Finite Element (FE) discretization and was proposed first in [18] . To analyze the design of a hp-Finite Element Discretization of the three-dimensional plate problem is the purpose of the present paper.
Relying on the full asymptotics of the three-dimensional solution of the plate problem [6, 7, 9] , we show that it is possible to achieve consistency of the FE-approximation with the three-dimensional solution to any order of ε with a properly designed hp-FE discretization. It involves hierarchical plate models which are refined inside the boundary layer in a vicinity of the edge to resolve the singularities, thereby abandoning the dimensional reduction point of view. The degree p to achieve this is O(|log ε|) in general, with O(p) elements corresponding to a number N of degrees of freedom which is bounded by O(p 4 ). Let us describe our results in more detail. On the family of thin plates ω × (−ε, ε), ε ∈ (0, ε 0 ), such hp-FE spaces are defined as follows: a fixed mesh τ ω is designed on the mid-surface ω, so that there exists a layer of quadrilateral elements along its boundary ∂ω. The tensor three-dimensional mesh T 0 ε := τ ω × (−ε, ε) is geometrically refined anisotropicly to the edges ∂ω × {−ε, ε} to obtain the new mesh T p ε with p layers of elements. Polynomials of degree p on T p ε form the discrete space.
If the boundary of ω is analytic, and if an analytic load is fixed, we prove in this paper that the relative energy error between the three-dimensional solution and its Galerkin approximation in the above described space is bounded for all K ≥ 1 by
with positive constant C and b independent of ε and p (but depending on K). We also prove that in certain cases (existence of underlying C 1 discrete spaces on ω, or membrane load), the factor ε −1 in the bound (1.1) can be omitted, which means that, to achieve a given bound to the relative error, a certain polynomial degree p, corresponding to a certain number N = O(p 4 ) of degrees of freedom fixed independently of ε are sufficient.
These results are based on the hp FE-approximation of each piece of the two-scale expansion of the solution displacement u(ε): this expansion has two parts, the outer expansion part k ε k v k (regular profiles), and the inner expansion part k ε k w k (boundary layer profiles). In this paper, we also pay much attention to the transverse degrees of the polynomials involved in the outer expansion part, which allows in particular to show that (3, 3, 2) transverse degree outside the support of the load and away from the boundary layer is sufficient to obtain estimate (1.1).
The outline of the paper is as follows: in Section 2, we set the problem and give a rough description of the inner-outer expansion. Sections 3-5 are devoted to the outer part, whereas Sections 6 and 7 are devoted to the inner part. We explain in more detail the structure of the outer part study at the beginning of Section 3, and for the inner part, at the beginning of Section 6. The synthesis and the conclusions are drawn in Section 8.
The three-dimensional plate problem

Domains and coordinates
The plate problem under consideration here is a boundary value problem of three-dimensional elastostatics which is set in the family of domains In general, we will distinguish by a superscript the vector fields defined in the "physical" domains Ω ε , from the scaled fields defined on Ω.
Governing equations
We consider linearly elastic deformations of the plate Ω ε . The displacement u : Ω ε → R 3 of the plate satisfies the equilibrium equations
where f are volume forces. We assume here that f is the restriction to ω × (−ε, +ε) of a function f which is analytic in ω × (−ε 0 , +ε 0 ) for a fixed ε 0 > ε. Furthermore, σ( u) is the stress tensor. It is expressed in terms of the infinitesimal strain tensor e( u) by Hooke's law (here summation convention over repeated indices is used)
We assume homogeneous and isotropic material, i.e. A ijkl = λδ ij δ kl + µ(δ ik δ jl + δ il δ jk ) with λ ≥ 0 and µ > 0 denoting the Lamé-constants. On the faces Γ where n denotes the exterior unit normal vector on Γ ε − + . Problem (2.2-2.4) is completed by boundary conditions on the lateral edge Γ ε 0 . We consider here for simplicity only Dirichlet boundary conditions, i.e. the plate is hard clamped,
and give the proofs of the results in this case. We emphasize, however, that our results will also hold for all other sets of boundary conditions which lead to a meaningful variational formulation of (2.2-2.4) cf. [9] .
Korn's inequality implies that the bilinear form a(·, ·) in (2.6) is H 1 -coercive on H, and hence for every smooth volume loading f exists a unique weak solution u ∈ H of (2.6).
Finite Element approximations u N of u are obtained by energy projection: for any finite dimensional subspace H N ⊂ H, we define
There exists a unique solution u N of (2.7), and this solution satisfies
where the energy norm is defined by u
:= a( u, u). Note that for all u ∈ H we have the bound
In this paper, we propose a hp design for the FE subspace H N and estimate the approximation error (2.8) in dependence on ε. This is based on a detailed asymptotic analysis of the three-dimensional solution u in dependence on ε.
Asymptotics of the solution
The complete asymptotics of the solution u is easier to describe on the reference configuration Ω and using the scaled displacement u(ε) and the scaled load f (ε) according to
Due to our analyticity assumption on the loading f , we have the (convergent) expansion
It may be deduced from the results in [9] that u(ε) admits the asymptotic expansion at any order
The terms v k constitute the outer expansion part. They essentially satisfy the three-dimensional equilibrium conditions (2.2-2.4). The complementing terms w k are the boundary layer terms which constitute the inner expansion part -the function χ(x * ) is a smooth cut-off function which is identically equal to one in a vicinity of ∂ω. The terms w k compensate nonhomogeneous edge-conditions in (2.5) due to the v k . To state the estimates satisfied by the expansion (2.10), we introduce the unscaled sequence of displacement fields on the physical domain Ω ε (note that it starts with power ε −2 ) 
where C > 0 is independent of ε, but depends on K.
Information about the first non-vanishing term in expansion (2.9) yields the behavior as ε → 0 of the energy u E(Ω ε ) and allows relative energy error estimates:
which contains a membrane part and
Based on (2.8), we will obtain an upper bound for the Finite Element error u − u N E(Ω ε ) by the triangle inequality:
Thus bounding the Finite Element error will be achieved by approximating the asymptotic terms u k from the Finite Element space H N .
Structure of the outer expansion part
In this section, we essentially reformulate the results of Section 3 in [9] In Section 4, we will deduce from the formulas stated in Section 3 new results about the properties of the operators entering the formal series equations, concerning their action on analytic functions in in-plane variables and polynomials in the transverse variable.
In Section 5, we recall from [9] the series of boundary conditions on ∂ω satisfied by the formal series ζ[ε] of two-dimensional generators. These boundary conditions complement the functional equation inside ω. We show that it has a unique analytic solution, which yields that the v k are uniquely determined polynomial functions in X 3 with coefficients in analytic fields on ω. We deduce from this tensorial structure the approximation properties of a simple p-version FEM on Ω ε for the outer part.
General structure of the asymptotics
A comprehensive way of solving equations (2.2-2.4) on the reference domain Ω is the use of formal series of operators and vector functions, as initiated in [11] . The basic notion is the following: if A[ε] is a formal series with operator coefficients 
As prerequisite, we first expand the operators B and G in equations (2.2-2.4) corresponding to the scaled problem on Ω and we obtain the following problem without lateral boundary conditions that we write in the form
Then the results in Section 3 of [9] can be reformulated following the lines of [5, 10, 
we obtain a solution v[ε] of problem (3.1) by setting
Series V[ε]
This series has only even terms: for all ∈ N,
and the second non-zero term has the explicit form
withp j for j = 1, 2, 3 the polynomials in the variable X 3 of degrees j defined as
where p := λ/(λ + 2µ). The next ones have the general form, for = 2, 3, . . .
withs j ,t j andq j polynomials of degree j (note that the definition of these polynomials differs slightly from those introduced in Sect. 3 of [9] , but they play a quite similar role).
Series Q[ε]
Again, this series has only even terms: for all ∈ N, Q 2 +1 ≡ 0. The first term Q 0 of Q[ε] is zero. The first non-zero term is Q 2 and it coincides with the operator G introduced in Section 3 of [9] , that we recall now. For doing this we need two sorts of primitive of an integrable function u on the interval (−1, +1):
Notation 3.2. Let us introduce:
• The primitive of u with zero mean value on (−1, +1)
• The primitive of u which vanishes in −1 and 1 if u has a zero mean value on (−1, +1) and which is even, resp. odd, if u is odd, resp. even
(3.8)
In order to define H, we need the auxiliary operator
(3.9)
Then for f ∈ C ∞ (Ω) 3 , we define Hf as 
Series A[ε]
The first term A 0 of the formal operator series A[ε] is the block diagonal membrane-flexion operator
where -we recall that p = λ/(λ + 2µ):
The terms of odd rank of A[ε] are zero. The next non-zero term A 2 is given by (using the operators W and F introduced above, and denoting the triple (
and the generic terms of even order are, cf. 
Series R[ε]
The first term R 0 is given by
The terms of odd rank of R[ε] are zero. Relying again on Table 3 .1 in [9] , we find successively
Transverse degree and analyticity of the outer expansion operators
The aim of this section is to deduce from the above formulas for the series V
[ε], Q[ε], A[ε] and R[ε]
information on the way they act on polynomials in the transverse variable X 3 and analytic functions in the in-plane variables x * = (x α ). Moreover, by a factorization of certain coefficients of these series, we will exhibit a simpler equivalent expression for equations (3.2) and (3.3), where properties on polynomials and analytic functions are easier to deduce.
In-plane and transverse degrees
We first remark that all the operators V k and Q k have the generic block form (obtained by spitting the inplane and transverse components)
and that each operator C ij in the above matrix is a linear combination of operators of the form J • D where D is a partial derivative operator in the in-plane variables x * with constant coefficients and J is a combination of derivations, integrations in X 3 and multiplication by polynomials in X 3 . We adopt the following notation: 
Factorization by A 0
For ≥ 2, the operators V 2 can be factorized through A 0 : concerning the action on the transverse component ζ 3 this is clear from formulas (3.6); concerning the action on the in-plane components ζ * we note that the following formulas hold
As a result we find that each operator V := V 2 for ≥ 2, and also V := W V 2 , can be factorized by A 0 , i.e. that there exists a matrix partial differential operator T such that T A 0 coincides with V . Combining with formulas giving A 2 for ≥ 1, we obtain:
.
, can be written
The series T [ε], since starting by T 0 = Id, is invertible in the formal series algebra and the 2 -th rank operator
−1 is a block homogeneous partial differential operator in x * of the same degrees as T 2 . As R 2 is also a block-homogeneous partial differential operator in x * of the same degrees as
, we obtain:
The operatorȒ 2 is block-homogeneous and its block degree
Moreover, since each V 2 for ≥ 2 can be factorized by A 0 , there exists a formal series of operators,
We check that T 2 is block-homogeneous of degree
Combining with the equation (4.1): 
cf. (3.4, 3.5 
whereq 3 ,q 4 ,r 4 andr 5 are the polynomials of X 3 appearing in (3.6).
The outer expansion and its p-approximation
In this section we prove that the formal generating series ζ[ε] has analytic coefficients, and we deduce that the terms v k of the outer expansion part are polynomial in X 3 and analytic in x * . Such a structure allows approximation by tensor p-version FE at an exponential rate.
The analyticity of the generators
So far, the formal generating series ζ[ε] is still not completely determined. We know that it has to solve equation (3.2) which we proved to be equivalent to (4.1):
. Up to now, every equality was deduced from the elasticity equations on Ω ε without lateral boundary conditions. Taking the lateral clamped condition into account and introducing the two-scale Ansatz of the inner-outer expansion, it can be proved, see [6, 7, 9] , that the series ζ[ε] has also to satisfy boundary conditions on ∂ω.
Let s → x * (s) be an arclength coordinate along ∂ω. By extension, we will also often write s ∈ ∂ω. Translating the results of [9] with the formalism of [5, 10] 
and the first terms γ 0 = γ 1 = 0. Combining the results of [9] with our Lemmas 4.3 and 4.4 we obtain: 
The ellipticity and coercivity of the leading part (A 0 , δ 0 ) in (5.2) implies, [17] 
Finite transverse degree
If f is a polynomial in all three variables x, the transverse polynomial degree of the profiles v k is in fact bounded indepently of k. This result is formalized by the notion of finite transverse degree. We say that the outer expansion part v[ε] has a finite transverse degree if there exists an integer d ≥ 0 such that each term v k is polynomial in X 3 with a degree ≤ d. From formulas (3.7)-(3.11), it is clear that a necessary condition for v[ε] to have a finite transverse degree is that the series f [ε] defining the right hand side has itself a finite transverse degree.
For a field f depending polynomially on all variables x 1 , x 2 and X 3 we denote by deg * f the two component vector of the in-plane degrees of f * and f 3 , and by deg 3 f the two component vector of the transverse degrees. 
By superposition, it suffices to investigate the approximation of the generic term v k from a suitable FE-space.
This will rely on Theorem 5.2 above, which gives the structure of the v k . Our approximation shall be based on an analytic regular partition τ ω of ω, which is fixed independently of ε and k: the mid-surface ω is covered by a curvilinear partition τ ω of triangular or quadrilateral elements κ, which are images of a reference element κ under analytic element maps m κ : κ → κ ∈ τ ω which are diffeomorphisms. Two different reference elements may be used in the design of τ ω : a triangular reference element κ T and a square one κ Q .
The mesh τ ω is assumed to be regular, i.e. the intersection of two elements κ, κ ∈ τ ω is either empty, a vertex or an entire side and in the latter case, the common side γ has the same parametrization from both sides, i.e. for a common edge γ = κ ∩ κ holds: 
where For a proof of this assertion, we refer to [16] , for example. We define next the FE space for the approximation of the v k . To this end, denote by T 0 ε the three dimensional mesh family in Ω ε which corresponds to τ ω , i.e.
where K = M K ( K) with the reference element K = κ × (−1, 1) and the element map
On T 0 ε , we introduce the anisotropic tensor product FE-space (ii) If, moreover, the load f satisfies, with even p f ≥ 0 and with
then, provided the transverse degree q satisfies 
Let us denote by j q an approximation of analytic functions on [−1, 1] by polynomials of degree ≤ q at exponential rate. We denote by π the monomial X 3 → X 3 and we set
with i p the interpolation operator of Proposition 5.6. It is then obvious that
and that there holds
Going back to Ω ε , we find, with the same constant C
Estimate (5.12) is easily deduced (with the improvement if v k depends only on x * ).
(ii) Under the assumption (5.13) on f , Theorem 5.3 yields that
The assumption over q gives that the transverse degree of v k i is less than q. Therefore, it suffices to set
to obtain the interpolant satisfying estimate (5.14).
For K ≥ 0, let us denote by v [K] the truncated series of the outer expansion
As a consequence of Lemma 5.7, and taking into account that v −2 = (0, 0, ζ
3 ) only depends on x * , we obtain immediately the estimate for any K ≥ 0: 
we have, with constants b, C > 0 independent of ε and (p, q) but depending on K: We note that this "low" energy is due to the structure of the first terms in the outer expansion series: Indeed
3 (x * ). For non-zero ζ, its energy is O(ε −1/2 ), whereas, in general the energy of its interpolate 
Properties of the boundary layer profiles (inner expansion)
Now, we study the inner expansion part in (2.10), that is, the sum of the boundary layer terms ε k w k . It is in fact easier to consider unscaled terms ϕ k defined as:
).
In a similar way as for the outer expansion, the terms ϕ k are determined as coefficients of a formal series ϕ[ε] satisfying functional equations: We first reformulate results from [5, 9] . Then we will deduce from these results, analyticity properties for the profiles in weighted spaces. Finally, in Section 7, we construct the hpapproximation of the profiles.
Prerequisite
We introduce in a tubular neighborhood U ⊂ ω of ∂ω the usual boundary fitted coordinates (s, r): if x * (s) denotes a parametric representation of ∂ω, any x * ∈ U can be written in a unique way as x * = x * (s) − rn(s) for some 0 ≤ s < length(∂ω) and 0 ≤ r ≤ r 0 with r 0 sufficiently small, if n(s) denotes the exterior unit normal vector to ∂ω at s. With r, we associate further the stretched variable R = r/ε. The terms of the inner expansion are profiles, i.e. ϕ k = ϕ k (s, R, X 3 ). To the profiles ϕ k we associate their (s, R, X 3 ) component functions (ϕ We first give the functional equations solved by (6.1). Next, we define functional spaces of exponentially decreasing functions at infinity on Σ + .
Expansion of operators in stretched tubular coordinates
In tubular coordinates (s, r, x 3 ) associated with components (u s , u r , u 3 ), the interior operator B (2.2) is transformed into an operator B(s, r; ∂ s , ∂ r , ∂ x3 ) and the horizontal boundary operator G (2.4) into G(s, r; ∂ s , ∂ r , ∂ x3 ). In the stretched tubular coordinates (s, R, X 3 ), these operators become
The Taylor expansion at R = 0 of the coefficients of the above operators provides the operator valued formal series 
coefficients s → a(s) belong to A(∂ω).
The first terms B 0 and G 0 are explicitly given by:
We note the splitting into 2D-Laplace and 2D-Lamé operators in variables (R, x 3 ) with Neumann boundary conditions. The series ϕ[ε] is associated with zero volume and surface loads, which is written as:
(6.2)
Spaces of exponentially decreasing functions
The profiles ϕ k (s, R, X 3 ) are exponentially decreasing as R → ∞ and belong to a class of weighted spaces in Σ + . These spaces depend on two real parameters δ > 0 and β ∈ (0, 1). The parameter δ describes the exponential decay at infinity and β the regularity near the two corners (0, − + 1) of Σ + . We denote by ρ − + the distance to the corners (0, − + 1) and set ρ = min{1,
functions ϕ, which are smooth up to any regular point of the boundary of Σ + , are exponentially decreasing as R → ∞ and satisfy the growth estimates near (0, − + 1) in the following sense
Then we define the corresponding displacement space H 
Then we define the corresponding space for right hand sides:
These spaces are convenient to solve problem (6.2) coupled with lateral boundary conditions because there hold the two following lemmas. 
This is a straightforward consequence of the structure of the coefficients of the operators B k and G k (analytic in s and polynomial in R). Lemma 6.2. Let δ 0 > 0 be the smallest exponent arising from the Papkovich-Fadle eigenfunctions, see [12] . Let β 0 ∈ (0, 1) be the smallest real part of the corner singularity exponents associateed with the corners (0, − + 1)
with Dirichlet boundary conditions on R = 0, see [8, 15] . For any 0 < β < β 0 and 0 < δ < δ 0 , for any (Ψ, ψ) ∈ K 
This result is proved in [5, 7, 9] . Let us denote by R 0 (Ψ, ψ, P) the solution ϕ of problem (6.3).
If (Ψ, ψ) belongs to
, which is still denoted by R 0 (Ψ, ψ, P). In particular, if the right hand side (Ψ, ψ, P) has a tensor product form
Series Φ[ε] and Θ[ε]
As the boundary layer profiles are expressed in 
Gathering all information about the structure of series 
3) where the P k, (X 3 ) are triples of polynomials, 
3) where the P k,j (X 3 ) are triples of polynomials,
, and b, g matrix operators as above.
Analytic regularity of the boundary layer profiles
Lemma 6.3 states that the generating layer profiles ϕ k, (R, X 3 ) and θ k,j (R, X 3 ) are solutions of problem (6.3) with sets of data coming from generating terms of lower degree. Therefore, we obtain by recursion that they are analytic in the interior of Σ + . To estimate the rate of convergence of hp-FE approximations of the boundary layer profiles, however, we quantify the analytic regularity of ϕ k, and θ k,j in the interior of Σ + . We need for this an analytic version of the spaces H 
Analogously, we denote by K A β,δ (Σ + ) the space of triples (Ψ, ψ − + ) for which there exist C > 0 such that
As before, we denote by
With these definitions we can now prove the two following lemmas, which are the analytic version of lemmas 6.1 and 6.2. We establish the analytic regularity (6.6) in Σ 0,2 and in Σ 2 separately.
Step (i): Analytic estimates in the half-strip Σ 2 = (2, ∞) × (−1, 1).
For any β ∈ R and B 0 , G 0 as in (6.3), we have the equivalence
is an elliptic operator pencil depending on β with constant coefficients and principal part (B 0 , G 0 ).
By the ellipticity and analyticity of the data Ψ, ψ in Σ 1 , we have for any p ≥ 3 and every = ( R , 3 ) ∈ N 2 forφ := e βR ϕ the analytic regularity estimate, see [17] 
where the constant C depends on β, but not on p ≥ 3 or on . Summing up for p ≥ 3, we get that
3 ϕ, we can deduce from the last estimate that
Step (ii): Analytic estimates in Σ 0,2 .
Since the differential operators B 0 , G 0 in (6.3) have constant coefficients and are in divergence form, and since P is analytic on R = 0, |X 3 | ≤ 1, the regularity theory of Babuška and Guo [13, 14] 
hp-Approximation of the boundary layer profiles
Unscaling expansion (2.10) we obtain that the terms u k (2.11) of the expansion of u are the sum of the outer terms v k and of the inner terms χϕ k . In this section, we investigate the approximation of the inner expansion terms χϕ k by mapped piecewise polynomials. where R ≥ 3 is an integer at our disposal which will be selected below. In each subregion Σ + ν , ν ∈ {I, II, III}, we introduce a FE-mesh M ν as follows.
In Σ + I , we need a parameter n which is an integer ≥ 1: M n I consists of axiparallel quadrilaterals with hanging nodes which are geometrically refined toward the "corners" of Σ + with n layers and a grading ratio σ ∈ (0, 1), cf. (7.19) below (see Chap. 4 in [19] , for more details on geometric meshes with hanging nodes).
In Σ + II , we define
and finally, M III = {( R, ∞) × (−1, 1)}. The mesh M n in Σ + is the union of the meshes in the subregions:
We next define the hp-FE space in Σ + which we will use to approximate the profiles. Let p be an integer ≥ 1. We denote by Q p the usual spaces of polynomials of degree p in each variable and we define
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Remark. Note that the number n of layers in the geometric mesh M n I is taken equal to p.
Proof. To prove Theorem 7.1 we construct ϕ p separately in each subdomain Σ 
and, for any p ≥ 1 and 0 ≤ s ≤ min(p, k) the estimates
. The constant C > 0 is independent of s and p, and Φ is given by
(ii) Estimates in Σ + I
Next, we address the interpolation on geometric meshes. (1, 0) 
following estimates for any
Then applying Lemma 7.2 elementwise and a scaling argument imply (7.9, 7.10). By (7.5, 7.6), Πu is continuous across edges which do not contain hanging nodes. It remains therefore to remove jumps of the interpolant on edges with hanging nodes. Assume now that we are on an edge with hanging node as shown in Figure 7 
with C independent of p. The Trace Theorem in K implies
(7.13)
Then Πu ∈ C 0 ( K) by construction and from (7.11)-(7.12) we obtain
Concerning the L 2 estimate we have
and we arrive at
. Now assume that K i are of size h. To obtain error estimates, we first use (7.7, 7.8) and then we scale K, K i to this size. Summing over all patches in Figure 6 .3 gives (7.9, 7.10) since in the geometric mesh M n I the modification V in (7.11) is applied at most twice per element. 2 and assume that u ∈ H 1 (Q) satisfies for a γ ∈ (0, 1):
Then u ∈ C 0 (Q) and the bilinear interpolant J Q u satisfies the estimate
We proceed to hp-approximation. Let ϕ belong to H A β,δ (Σ + ) for β ∈ (0, 1) and δ > 0. We note that ϕ belongs to
Without loss of generality, we consider only M n I,+ , the upper half X 3 > 0 of M n I . We number the elements in this mesh by K ij , 1 ≤ i ≤ n and j = 1 if i = 1 (vertex element) and 1 ≤ j ≤ 3 otherwise, where i = 2 in the layer surrounding the vertex element, i = n in the largest element layer. For any K ij , i ≥ 2, denote by
Then there exists λ ∈ (0, 1), independent of n, s.t.
Now consider a layer profile ϕ ∈ H A β,δ (Σ + ). Then a typical term in the error bounds (7.10) can be estimated as follows:
Now, since the mesh is geometric with grading ratio 0 < σ < 1, for all 2 ≤ i ≤ n and 1 ≤ j ≤ 3, we also have
Summing the error over all K ij gives with (7.18) and (7.19) in (7.10) with the regularity (6.6) that
If we take s = αp for an α ∈ (0, 1), Stirling's formula implies that
Sin we get
since F min < 1, for some C, b > 0 independent of p. Analogous bounds hold for the L 2 norm of ϕ − Πϕ. Summarizing, we obtain that there exist C and b > 0, such that for any ϕ ∈ H A β,δ (Σ + ) and any n and p 
Now a continuous interpolant in Σ 
The analytic regularity H is an analytic map of (0, L) × (0, ρ 0 ) onto ω b .
In ω, a fixed, regular partition τ ω is introduced as follows, see 
where K denotes a hexahedral or prismatic reference element of unit size. Combining with the behavior of the energy of u in Ω ε as ε → 0, we finally obtain (8.3) and (8.4).
Corollary 8.2.
For every K ≥ 0 there is C * > 0 such that 
